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Let A be a Krull domain. Let M denote the category of all unitary 
A-modules and let JV’ denote the Serre subcategory of N consisting of all 
modules M such that M, = 0 for all prime ideals p of height one. Let 4 
denote the full subcategory of all M E JV such that M has no subobject other 
then 0 belonging to .N’. Then the functor T : JV -+ N/N has a right 
adjoint S : N/J+“’ + N which is constructed by Claborn and Fossum in [3]. 
It is easily seen that &’ is a reflective (not abelian) subcategory of JV, and 
.,4’ is closed under essential extensions (Gabriel [5]). We shall prove that 
.N’ also is closed under essential extensions, and an almost immediate 
consequence of this is that inj. dim N/N’ f 1. We find it also of interest 
that the injective A-modules in JH are closed under direct sum, and each 
injective A-module in J&’ is a direct sum of indecomposable injectives. 
The few facts we need about a Krull domain should be well known, and 
we refer the reader to Bourbaki [2] for their proofs. 
The terminology on Krull domains is from Bourbaki [2], with one 
exception. We shall consider the zero ideal in A as a divisorial ideal, and then 
an ideal a is divisorial iff (= if and only if) a = (&,=i up . 
We let q denote the prime ideals of height one in A. To avoid some 
uninteresting exceptions, we shall, throughout this paper, assume that ‘$ is 
non void. This is the same as assuming that A is different from its quotient 
field Q. If p E ‘$, then A, is a discrete rank one valuation ring, and we let zlP 
denote the associated valuation. 
Let M be an A-module and let x E: M. We let as usual 
Annx=(aEAIax=O} 
AnnM= n Annx. 
xeEM 
116 
INJECTIVE MODULES 117 
Furthermore, Ass M is the set of prime ideals p C A such that there exists 
an injection A/p -+ M. If E(M) is the injective envelope of M (see for instance 
Maths [7]), then Ass M = Ass E(M). 
Let MI and M, be subsets of the quotient field of A, say Q. Then 
M,:M2={x~QIxM2CM1}andM,:,M,=(M,:M2)nA. 
We want to remark that map, mapping, homomorphism and morphism 
all are synonyms for A-homomorphism, and N z M means that N and M 
are isomorphic A-modules. 
1. THE CATEGORY .A' 
In order to simplify the presentation, we shall discuss some of the 
properties of the category &! in this paragraph. 
We recall that JY is the category of all A-modules M such that M has no 
subobject other then 0 belonging to ~9”‘. Hence, ME &! iff Horn&V, M) = 0 
for all modules NE JV’. 
PROPOSITION 1.1. An A-module ME JY 13 Ann m is a divisorial ideal 
for all m E M. 
Proof. Suppose that ME J%‘, and let m E M. Let a = Ann m. Let 
Y E & up . This implies that for each p E !# there is an element z E A - p 
such that ZY E a. Hence Ann(rm) c p when p E ‘$. This clearly implies that 
Arm EM’, hence rm = 0. This shows that r E a, i.e., a = nV a+, so a is 
a divisorial ideal. 
The proof of the implication in the other direction should be clear. 
COROLLARY 1.2. Let M E ~2’. Then the annihilator of M, Ann M, is 
a divisorial ideal. 
It follows from Corollary 1.2 that if a cyclic module A/a belongs to JZ 
for some ideal a C A, then a is a divisorial ideal. Conversely, let a be a 
divisorial ideal in A and let x E A. Then a :A x = {r E A 1 YX E a} is a 
divisorial ideal. Thus we have a proof of the next 
COROLLARY 1.3. Let a be an ideal in A. Then A/a E J&’ isf a is a divisorial 
ideal. 
In view of Corollary 1.3 we make the following definition. 
DEFINITION 1.4. We say that an A-module M is co-divisorial iff M E ~2. 
For the simple proof of the next proposition we refer the reader to Gabriel 
[5, p. 3741. 
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PROPOSITION 1.5. Let E(M) be the injective envelope of a co-divisorial 
module M. Then E(M) is co-divisorial. 
PROPOSITION 1.6. Let 0 -+ M’ -+ M + M” + 0 be an exact sequence 
of A-modules. If M’ and M” are co-divisorial, then M is co-divisorial. 
Proof. We shall prove that Hom,(N, M) = 0 for all modules NE JV’. 
By applying the left-exact functor Hom,(N, -) to the exact sequence we 
derive the following exact sequence 0 --f Hom,(N, M’) --f Hom,(N, M) -+ 
Hom,(N, M”). If M’ and M” are co-divisorial we get that Hom,(N, M’) = 
Hom,(N, M”) = 0, so Hom,(N, M) = 0. 
COROLLARY 1.7. Let f : a --f M be an A-homomorphism from a divisorial 
ideal a to a co-divisorial module M. Then ker f is a diviswial ideal. 
Proof. Let b = ker f. We have an injection a/b -+ M, so a/b is co- 
divisorial. Furthermore, we have the exact sequence 
0 + a/b --f A/b + A/a -+ 0. 
Since a is divisorial, A/a is co-divisorial (Cor. 1.3). Since also a/b is co- 
divisorial, it follows from Prop. 1.6 that A/b is co-divisorial, so b is divisorial 
(Cor. 1.3). 
Let M be any A-module, and let dM : M--f nrp M4 be the canonical 
mapping. The kernel of the map dM is the maximal subobject of M belonging 
to JV’, hence dM is an injection iff M is co-divisorial. 
If M is a torsion module, the map d, is actually a mapping into J& Mr, . 
For let x E M. Then the annihilator of x, Ann x, is a non-zero ideal, and is 
therefore contained in only a finite number of the prime ideals of height one. 
If Ann x Q p E CIp, the element x maps to 0 under the canonical mapping 
M-+M=. 
PROPOSITION 1.8. Let 0 -+ M L M’ --% N + 0 be an exact sequence. 
Assume that M’ is co-divisovial, and that NE JV. Then f is an essential 
extension of M. 
Proof. We can identify M with a submodule of M’. Let x E M’, 
x # 0. Let a = (I E A [ rx = 0) and let b = {r E A [ rg(x) = 01. Indeed 
b = {Y E A 1 YX E M}. We wish to prove that a f 6. 
Since a = Ann x, and x E M’ E .M, we know that Ann x is a divisorial ideal. 
(Prop. 1 .l), and Ann x f A since x # 0. Furthermore, b = Ann( g(x)), 
and g(x) E NE Jlr’. Hence b g p when p E ‘$3. This shows that b # a. Let 
T E b - a. Then rx E M, and rx # 0, i.e. M’ is an essential extension of M. 
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PROPOSITION 1.9. Let M be a co-divisorial torsion module, and let 
dM : M + & M, be the canonical mapping. Then dM defines an essential 
extension of M, and coker dM EN’. 
Proof. According to Prop. 1.8 it is sufficient to prove that L = 
coker d,, E Jtr’. We have an exact sequence 
We apply the exact functor -oA A&p E !JJ) to this sequence, and derive 
the following exact sequence. 
@A,+L,+O. 
A 
Since tensor product commutes with b, the middle term is 
Furthermore, Mq BA A, s M @A (Aq @A A&, and A, @ A, = Q unless 
q = p (Bourbaki [2, p. 551). Since M is a torsion module, M oA Q = 0, 
and it follows that Mq @A A, = 0 if q f p. Hence (urp Mp) BA A, g Mp , 
and L, = 0. Since this is true for all p E Is, it follows that L E N. 
2. CO-DIVISORIAL INJECTIVE MODULES 
The main result in this paragraph is Proposition 2.7, which states that any 
direct sum of co-divisorial injective A-modules is injective. If the Krull 
domain A is Noetherian this is well known, since in this case any direct limit 
of injective A-modules is injective. 
PROPOSITION 2.1. Let p be a prime ideal of height one, and let f : a + E(A/p) 
be a homomorphism. Suppose that f (x) = 0 for some x E a - p. Then f = 0. 
Proof. Since E(A/p) is injective, we can extend the map f to a map 
J: A -+ E(A/p). Let b = kerj: If b = A, there is nothing to prove. 
Otherwise E(A/p) g E(A/b) since E(A/p) is indecomposable (Matlis [7]). 
Hence p E Ass A/b, so b C p. The result now follows. 
COROLLARY 2.2. Let p be a prime ideal of height one, and let f : a --+ E(A/p) 
be a homomorphism. Suppose that f(x) = 0 for some x E a, such that 
v&x) < v&a) for aZZ a E a. Then f = 0. 
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Proof. Let b E a. We define a mapg, : A + E(A/p) by lettingg,(t) = f (bt). 
Then gb(t) = 0 for some t $ p, hence g, = 0 according to Prop. 2.1. In 
particular, gt,(l) = f (b) = 0. Hence f = 0. 
PROPOSITION 2.3. Let E(f (0)) be a co-divisorial indecomposable injective 
A-module. Then E g Q or E s E(A/p) for some prime ideal p E ‘$I. 
Proof. If E is not a torsion module, E z Q. Hence assume that E is a 
torsion module. Let x E E, x # 0, and let a = Ann x. We have an injection 
Ala --+ E and since E is indecomposable, and A/a $ 0, it follows that 
E E E(A/a). Since A/a is a submodule of E, A/a is co-divisorial, so a is 
a divisorial ideal (Cor. 1.3). 
Furthermore, a is an irreducible ideal in A since E(A/a) is indecomposable 
(Maths [7, Theorem 2.41). Since a # 0, a = pen) (symbolic power) of some 
prime ideal p E $3. We note that 
P fn) = (Y E A 1 vp(r) > n}. 
We can find an element x E A such that 
(let v&) = n - 1). 
Hence we have an injection 
Alp % Alp’“’ --+ 23. 
Since E is indecomposable this gives that E z E(A/p). 
PROPOSITION 2.4. Let be a prime ideal of height one. Then any direct sum 
IJ E(AIp) is iujective. 
Proof. Let f : a + JJ E(A/p). Since vp is a valuation with values in Z, 
we can find an element a E a such that v&u) < v&b) for all b E a. Since 
f(a)‘s components in the direct sum are zero almost everywhere, the same 
has to hold for f [a] (Cor. 1.2). Hence f maps into a finite direct sum of 
injectives, which certainly is injective. Hence f can be extended to A. 
PROPOSITION 2.5. Let E be a co-divisorial module which is a direct sum of 
indecomposable injective modules. Then E is injective. 
Proof. Let f : a + E. We shall show that we can find an injective 
submodule E’ C E such that f [a] C E’. 
Let x E a, x # 0. Then x is contained in just a finite number of prime 
ideals of height one. Furthermore, f ( ) x ‘s components in the direct sum are 
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zero almost everywhere. If x 6 p E ‘p, and g : a --f E(A/p) (or Q), and 
g(x) = 0, then g[a] = 0 (Prop. 2.1). Th e rest of the proof follows from 
Prop. 2.3, Prop. 2.4 and the observation that any direct sum IJ Q is injective. 
PROPOSITION 2.6. Let E be a co-divisorial injective A-module. Then E is 
a direct sum of indecomposable injective modules. 
Proof. Let E be a co-divisorial injective module. Let C be a maximal 
submodule of E with respect to the property of being a direct sum (interior) 
of indecomposable injective submodules. Then C is injective (Prop. 2.5), 
hence E E C@ D for some D. Let x E D, x f 0. Then 
Annx=&~n...np$)(orAnnx=O) 
for some prime ideals pi E ‘$ since E is co-divisorial. Hence 
-W/Ann x) cz E(A/pl) 0 -** 0 E(A/pk) 
(c.f. Matlis [7]). This contradicts the maximality of C and hence C = E. 
PROPOSITION 2.7. Let {Ei}iEr be a family of co-divisorial injective modules. 
Then Uiel Ei is injective. 
Proof. Follows from Prop. 2.5 and Prop. 2.6. 
Let E be an injective A-module. Then E is a divisible A-module. This 
clearly implies that E, is a divisible A-module for all prime ideals p. If the 
prime ideal p is of height one, E, is an injective A,-module since A, is a 
Dedekind domain. 
Conversely, let E be an injective At,-module. The following diagram should 
indicate a proof of that E, is an injective A-module. 
A-A P 
We can therefore say: 
PROPOSITION 2.8. Let E be any A-module, and let p E ‘$3. Then the following 
statements are equivalent: 
1) E, is an injective Ap-module. 
2) E, is an injective A-module. 
Furthermore, (1) and (2) will hold if E is an injective A-module. 
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PROPOSITION 2.9. The injective envelope of Q/A is isomorphic to the 
direct sum JJhtpCl Q/Ap . 
Proof. We notice that Q/Ap E Q/A BA A,, and since Q/A is co- 
divisorial, it follows from Prop. 1.9 that Q/A w UhtpCl Q/Ap defines an 
essential extension. 
Furthermore, each Q/A, is an injective A-module, since Q/Ap is an 
injective A,-module (Prop. 2.8). Since Q/Ap is co-divisorial it follows from 
Prop. 2.7 that J&,=r Q/Ap is an injective A-module. Hence E(Q/A) s 
Uhtp=l QIA, . 
Remark. It is fairly easy to show that Q/A, g E(A/p). Hence E(Q/A) s 
LIatpa -JwIP)- 
PROPOSITION 2.10. Let M be any A-module. Then 
Proof. We consider each Mp as an A,,-module, and we can find an exact 
sequence 
where (E& and (E& are injective A,-modules. Hence 
is exact, and the two right direct sums are injective according to Prop. 2.8 
and Prop. 2.7. 
Let A be a Dedekind domain with quotient field Q. If A # Q it is easily 
shown that Q/A is an injective co-generator in the category of all A-modules. 
Hence M = 0 9 Hom,(M, Q/A) = 0. We shall show that a corresponding 
theorem also is valid for any Krull domain A # Q. 
PROPOSITION 2.11. Let A be a Krull domain A # Q, and let N be any 
A-module. Then the following two statements are equivalent. 
1) NE./+‘- 
2) Hom,(N EC&IA)) = 0 
Proof. Since Q/A E & and &? is closed under essential extensions 
(Prop. 1.5), the implication (1) + (2) is clear. 
(2) * (1). Suppose both that N $ JV’ and that Hom,(N, E(Q/A)) = 0. 
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We consider the canonical map d : N--f np Np , and let D(N) = im d. 
Then D(N) C n113 N is co-divisorial, and D(N) f 0 since N $ J’. Further- 
more, we note that d : N -+ D(N) is a surjection. The injective envelope 
E(D(N)) is still co-divisorial (Prop. 1.5) and we have therefore an injection 
W(N)) - LI,Q 0 LL E(QI4 f or some sets I and J. (We use Prop. 2.3, 
2.6, 2.9 and the remark after Prop. 2.9). Since Hom,(N, E(Q/A)) = 0, 
we can conclude that we have an injection D(N) + uJQ. Hence 
Hom,(N, Q) f 0. Let F : N---f Q, F(N) f 0. Since Hom,(N, Q/A) = 0 
we can conclude that F(N) C A. This implies that F(N) C (&,+ p. If not, 
F continued by A % A/p --+ E(Q/A) would be a non-zero map of N to 
E(Q/A). If the family ‘p is infinite we have deduced the contradiction that 
F(N) = 0, since 0 is the only element in A which is contained in an infinite 
number of prime ideals of height one. If p is finite, A is a Dedekind domain, 
and the equivalence (2) i;> (1) is valid in that case, as remarked above. 
Remark. Proposition 2.11 shows that E(Q/A) is a co-generator in the 
quotient category Jr/-/X.) 
Let M be any A-module. We have a canonical mapping h, : M -+ 
Hom,(Hom,(M, E(Q/A), E(Q/A)). Let f E Hom,(M, E(Q/A)). Then define 
&(m) by the equation X,(m)(f) = f (m) for all m E M. 
PROPOSITION 2.12. Let M be any A-module. The following two properties 
are equivalent. 
1) M is co-divisorial. 
2) x&f: M --+ Hom,(Hom,(M, E(Q/A), E(Q/A)) is an injection. 
Proof. (2) + (1) is trivial since E(Q/A) is co-divisorial and Horn&, N) 
is co-divisorial whenever N is co-divisorial (Use Prop. 1.1). (1) * (2). We 
have that M is co-divisorial iff the only subobject of M which belongs to JV 
is 0. Let x E M - (0). Since Ax is not in Jlr’ we can find a homomorphism 
f : Ax -+ E(Q/A) such that f (x) f 0 (Prop. 2.11). Since E(Q/A) is injective 
we can lift f to a mappingf : M -+ E(Q/A). This shows that h, is an injection 
since X,(x)(J) = f(x) = f (x) + 0. Hence X,(x) # 0. 
3. THE INJECTIVE DIMENSION OF THE QUOTIENT CATEGORY M/d’” 
In this paragraph we shall continue our study of injective modules over a 
Krull domain A. We showed in Sec. 2 that the co-divisorial injective modules 
are closed under direct sum, and any co-divisorial injective module is a direct 
sum of indecomposable co-divisorial injective modules. 
In this paragraph we show that the Serre subcategory JV’ is closed under 
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injective envelopes, and it will follow rather easily that the injective dimension 
of the quotient category H/M’ is at most one. 
DEFINITION 3.1. Let M be any A-module. We define 
D(M) = im(M%gMp) = imdM. 
The mapping dM was actually introduced after Corollary 1.7. The mapping 
D : M + D(M) is a functor from JV (the category of all A-modules) to .X, 
and D is the reflector of the inclusion functor i : &? ---f JV. 
That is to say: 
Given any mapf : M -+ M’ E A, there exists a unique map g : D(M) --f M’ 
such that the following diagram commutes 
a,./ 
So let f : Ml + M, . We define Df to be the unique morphism making the 
following diagram commute 
M, f + Mz 
“Ml J, L dMZ 
vfl) Df, D(M,) . 
Note that Df is an injection (surjection) if f is an injection (surjection). 
PROPOSITION 3.2. Let a f (0) be an ideal in A. Let p E ‘$ be a prime 
ideal containing a. Then p E Ass A/a. 
Proof. According to the approximation theorem for Krull domains 
(page 12 Bourbaki [2]) there exists an element x in the field of quotients of A 
such that z+,(x) = -1 and V&X) > 0 for q f p, q E ‘$. It follows that 
xp C A. Hence (xa)p = (xp)a C Aa = a. Since xa C xp C A we can say that 
xaCajn. (1) 
On the other hand 
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For assume that XQ C ap . Then xap C ap . Since ap is a non-zero ideal in A, 
this implies that x E A, . However, this contradicts the assumption that 
V&X) = -1 < 0. 
It follows from (1) and (2) that a :A p p ap . Any element z E a :A p, z $ ap 
will have the property that a :A x = p, hence p E Ass A/a. 
PROPOSITION 3.3. Let N be any A-module, and let p E ‘$. The following 
statements are equivalent. 
1) Np=O 
2) N is a torsion module and p @ Ass N. 
Proof. (1) 3 (2). Trivial 
(2) => (1). Suppose that N is a torsion module such that 
Np f (0). We shall prove that p E Ass N. 
Since Np # (0), there exists an element x E N such that a = Ann x C p. 
Furthermore, a f 0 since N is a torsion module. We get an injection 
A/p + Ax C N (Prop. 3.2), so p E Ass N. 
Since the injective envelope E(N) of a torsion module N is a torsion module, 
and since Ass N = Ass E(N), we have also proved the next two corollaries. 
COROLLARY 3.4. Let p E ‘$3, and let N be an A-module. If Np = 0 then 
LWII, = 0. 
COROLLARY 3.5. The subcategory ..V is closed under injective envelopes. 
An immediate consequence of Corollary 3.5 is the following proposition. 
PROPOSITION 3.6. Let E be an injective A-module. Let dE : E -+ D(E) be 
the canonical map (Def. 3.1). Then E g ker dE @ D(E). 
Proof. We have already noted that ker dE is the maximal subobject of E 
belonging to JV’. Since E is injective, Corollary 3.5 implies that ker de is 
injective, so the sequence 0 + ker dE --t E -+ D(E) -+ 0 splits. 
Remark. It follows from Prop. 3.6 that D(E) is injective if E is injective. 
PROPOSITION 3.7. Let 0 --+ M f M’ be an essential extension of M. Then 
0 + Mp -f% Mp’ is an essential extension of M,, for all p E ‘p. 
Proof. Follows from Corollary 3.4. 
PROPOSITION 3.8. Let 0 + M + E, -+ E1 -+ E, -+ **a be a minimal 
injective resolution of the A-module M. Then D(Ei) = 0 for i > 2. 
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Proof. Let p E ‘$J, and apply the exact functor -gA A, to the resolution. 
We derive the following exact sequence 
(*I 
Since each Ei is an injective A-module, (EJp is an injective At,-module 
(Prop. 2.8). Since essential extensions are preserved by -aA A, (Prop. 3.7), 
it follows that (*) is a minimal injective resolution of the Ap-module M, . 
Since the global dimension of A, is one, it follows that (E& = 0 for i > 2. 
Hence D(EJ = 0 for i > 2. 
We are now ready to state the main proposition in this paragraph. 
PROPOSITION 3.9. The injective dimension of the quotient category N/N’ 
is at most one. 
Proof. Let T be the functor T : ~4’” -+ N/.N’. Then T is an exact 
functor, and since the subcategory N’ is closed under injective envelopes 
(Corollary 3.5) it follows that T(E) is injective in N/N’ when E is an injective 
A-module (Gabriel, [S, Corollary 3, p. 375)). So take any A-module M, and 
let 0 -+ M -+ E, -+ El -+ E, + **a be a minimal injective resolution of M. 
Then 0 -+ T(M) + T(E,,) -+ T(E,) -+ 0 is exact since E, EN’ (Prop. 3.8), 
and this shows that inj. dim.,,,, T(M) < 1. 
Let M be an A-module such that M, is an injective At,-module for all 
p E ‘!$I. We consider the exact sequence 0 -+ M 4 E(M) -+ L -+ 0 where 
f is an essential extension of M. By localizing we get that 0 -+ Mp k 
E(M), --f L, --f 0 is exact. Since M, is an injective Ap-module and fp is an 
essential extension (Prop. 3.7) it follows that L, = 0. Hence D(E(M)/M) E 
D(L) = 0. Furthermore, M+, is an injective At,-module iff Mp is divisible. 
Let a E A - (O}, and consider the map M % M multiplication by a. Let 
N be the co-kernel. It follows that M, is divisible iff NP = 0. Hence 
we can state 
PROPOSITION 3.10. Let M be an A-module, and suppose that D(M/aM) = 0 
for all a E A - (0). Then D(E(M)/M) = 0. 
This proposition is clearly an analogue of the well known proposition: 
A domain is a Dedekind domain iff every divisible module is injective. 
We can say 
PROPOSITION 3.11. Let T be the functor T : N --f N/N’. Let M be an 
A-module such that T(M/aM) = 0 f or all a E A - (0). Then T(M) is injective 
in the quotient category N/J+‘“‘. 
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PROPOSITION 3.12. Let 0 -+ M L M’ be an essential extension of the 
A-module M. Then 0 -+ D(M) -+ Df D(M’) is an essential extension of D(M). 
Proof. It is sufficient to prove Prop. 3.12 in the case when M’ is the 
injective envelope of M. Look at the following diagram. 
O-M f ’ E(M) 
4u 1 1 d(EM) 
0 - D(M) Af+ D(E(M)) 
f,l 1 id. 
0 -+ E(D(M)) --% D(E(M)) -+ L + 0 
The maps f and f’ are the essential extensions of the modules M and D(M) 
into their injectives envelopes. The maps dM and (IE(,+,) are the canonical maps 
of M onto D(M) and E(M) onto D(E(M)). Since D(E(M)) is injective (remark 
after Prop. 3.6) there exists a map F making the lower rectangle commutative. 
L is simply the co-kernel of the map F : E(D(M)) -+ D(E(M)). We note that 
the rows are exact and the diagram is commutative. We shall first show that 
D(L) = 0. Let p E ‘p, and apply the functor ---gA A, to the diagram. 
The maps && and &,+dp are isomorphisms since ker d,,,, EN’ and 
ker (IEtMj E Jlr’. Furthermore, fp is still an essential extension (Prop. 3.7), 
so (Df& is also an essential extension. This implies that Fp is an essential 
extension, and therefore an isomorphism since [E(D(M))], is an injective 
A+,-module (Prop. 2.8). Hence L, = 0 for all p E $J, i.e. D(L) = 0. 
On the other hand, the sequence 0 -+ E(D(M)) 5 D(E(M)) -+ L -+ 0 
splits since E(D(M)) is injective. Hence L is a subobject of D(E(M)) E JH, 
so L = 0. Since F is an isomorphism it follows that 0 -+ D(M) % D(E(M)) 
is an essential extension. Furthermore, we proved the following corollary: 
COROLLARY 3.13. Let M be an A-module. Then E(D(M)) g D(E(M)). 
4. APPLICATIONS 
In this paragraph we shall turn our attention towards the Krull domain A, 
in order to give some consequences of the previous results. We prove that 
any irreducible ideal in a Krull domain which is contained in some prime 
ideal of height one is divisorial. 
We recall that an ideal a is irreducible if a = b n c implies that a = b or 
a = c. 
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NChZti0?2. Let a be any ideal in A. We define ii as the ideal ii = 0, a4 . 
We note that ii is the smallest divisorial ideal containing a. 
PROPOSITION 4.1. Let a be an ideal in A. Then there exists an ideal b which 
is not contained in any prime ideal of height one such that a = ii n 6. 
Proof. Let M = A/a and let E(M) be the injective envelope of AI. 
Then E(M) can be written as a direct sum E(M) g L, @L, where L, is 
co-divisorial and L, E JV’ (Prop. 3.6). We have an injection ML L, @L, . 
Let i be the element in M which is the image of the identity 1 E A under the 
canonical mapping A + A/a. Then f(i) = (/I , /J for some tr EL, and 
C, EL, . Hence a = Ann i = Ann f (i) = Ann /r n Ann lz . Let b = Ann 8, . 
Then b is not contained in any prime ideal of height one since /a EL, E Jlr’. 
Furthermore, Ann 8, is a divisorial ideal (Prop. l.l), hence Ann r!, r) ii. This 
clearly shows that a = 5 n 6. 
Remark. One could actually show that Ann [I has to be 8. 
COROLLARY 4.2. Let a be an irreducible ideal which is contained in some 
prime ideal of height one. Then a is divisorial. 
Proof. Follows immediately from Prop. 4.1. 
COROLLARY 4.3. Let a be an ideal in A. Then there is an injection 
A/6 -+ A/a. 
Proof. We can assume that a # (0). Write a as an intersection a = ii n b 
where b is not contained in any prime ideal of height one (Prop. 4.1). Since 
a f (0), there is only a finite number of prime ideals of height one which 
contains a, say pr , pz ,..., pn . We can assume that b q (JEr pi , for if an 
ideal is contained in a finite union of prime ideals then it is contained in one 
of them. Let x E b - uzl pi . Then a :A x = (6 :A x) n (b :A x) = ii :A x 
since x E 6. But since x is a unit in A,<(i = 1, 2,..., m) it follows that 
ii :A x = ii. Hence a :,, x = ii, and A/ii % Ala is an injection. 
COROLLARY 4.4. Let A be a Krull domain where every prime ideal of he@ht 
one is maximal. The-n A is Noetherian. 
Proof. Since any proper ideal is contained in some maximal ideal, it 
follows from Prop. 4.1 that every ideal is divisorial. Since the divisorial 
ideals in a Krull domain satisfy the ascending chain condition (Bourbaki 
[2, Theorem 2, p. 7]), it follows that A is Noetherian. 
Remark. Corollary 4.4 is of course a “well-known result”. 
Proposition 2.9 states that JJsQ/Ap is the injective envelope of Q/A. 
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Hence Q/A is injective iff the canonical mapping Q/A -+ JJ9 Q/Ap is an 
isomorphism. We shall prove that if Q/A is injective then A is a Dedekind 
domain. We need a lemma. 
LEMMA 4.5. Let R be any integrally closed integral domain and suppose 
that Ext,l(R/a, Q/R) = 0 for all ideals a = (a, b) generated by two elements. 
Then R is a Pnifer domain. 
Proof. We shall introduce an ideal Rx for x in the quotient field Q of R. 
Then Rx = {a E R / xa E R}. We shall prove that R : Rx = R + Rx. 
So let x E R : Rx and write x = (a/b) a, b E R and b f 0. We define a map 
by letting 
f : (a, 4 - Q/R 
f(a) = Z 
and f(b) = 0, and extend f by linearity to (a, b). (The bars on elements 
denotes the image under the canonical mapping Q + Q/R). We have to show 
that this mapping is well-defined, i.e., we have to verify that if r,a = r,b 
then r,z = r2 * 0. If r,a = r,b (ri E R), then (a/b)r, E R. Hence rI E Rx, and 
since z E R : Rx it follows that rlz E R i.e., r,s = 0 = r2 * 0. 
According to the assumptions in Lemma 4.5 the map f has an extension J
to R. Let 
J(l) = J (Y E Q). 
Then 
and 
f(a) =f(a) = af(1) = ay 
Hence 
f (6) = f(b) = bf((l) = by. 
ay = X and by = 0. 
This shows that ay - x E R and by E R. Hence y = (r,/b) for some rI E R, 
so z E R + R * (a/b) = R + Rx. We have shown that R : Rx C R + Rx, 
and since the inclusion R + Rx C R : Rx is trivially satisfied, we have 
proved that R : Rx = R + Rx for all x E Q. 
Consider Rx2 = {a E R 1 x2a E R}. If x2a E R then x2a2 E R, and since R is 
integrally closed, it follows that xa E R. Hence Rx2 C Rx. Consequently 
RzR”~~R:R~. Since R:Rx=R$Rx and R:Rx2=R+Rx2 it 
follows that x E R + Rx2. For the remainder of this proof we refer the reader 
to [2, p. 94, ex. 12h]. 
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COROLLARY 4.6. Let R be an integrally closed domain with injective 
dimension one. Then R is a PrGfer domain. 
In [El], Maths defines a reflexive ring R to be a ring such that every sub- 
module of a finitely generated torsion-free R-module is R-reflexive. In 
[S, Theorem 2.11 he proves that a domain R is a reflexive ring iff Q/R is a 
universal injective R-module. Hence we have the following corollary. 
COROLLARY 4.7. Let R be an integrally closed rejexive ring. Then R is a 
Priifer domain. 
Remark. An integrally closed reflexive ring R has some other nice 
properties. Since a reflexive ring is an h-local ring (see Matlis [S]), the family 
of valuation rings {Rm}msM where M is the set of maximal ideals in R, is 
mutually independent. That is to say, if m, and ma are two different maximal 
ideals, the only valuation ring which contains both RmI and RYz is the quotient 
field of R. We also have that R is a ring of Krull type (see Griffin [6]). As the 
defining family of valuations we can use the set {R,},,, . 
We will use this opportunity to point out a stronger version of Prop. 3.5 
in “Reflexive domains” [8]. Maths proves that a domain R is a Dedekind 
domain iff R is a reflexive ring which is locally a U.F.D. 
PROPOSITION 4.8. Let R be a completely integrally closed domain where 
each maximal ideal is divisorial. Then R is a Dedekind domain. 
Proof. Let D(R) be the monoid of divisors [2, p. 21. Since R is completely 
integrally closed, D(R) is a group [2, Theorem 7, p. 51. 
Let I(R) be the set of fractionary ideals of R different from zero, and let 
div, : I(R) --+ D(R) be the canonical map from I(R) onto D(R). Let A be a 
fractionary ideal, and suppose that div, A is the identity in D(R). Then 
R : A = R, hence A C R. If A is not R, then A is contained in some maximal 
ideal, say tn. Hence R : nt C R : A = R; but this contradicts the assumption 
that nt is divisorial. Hence A = R. It follows now that I(R) is a group, hence 
R is a Dedekind domain. 
The following well-known proposition should now be clear. (See for 
instance Artin [I].) 
PROPOSITION 4.9. Let A be a Krull domain, and let {vi}ior denote the family 
of valuations corresponding to the valuation rings {Ay}htp=l . Then A is a 
Dedekind domain iff the approximation condition holds: 
Let a, , a2 ,..., a, be elements in Q. Then there exists an element x E Q such 
that 
vi(x - ai) 2 0 fir i = il , i, ,..., i, 
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q(x) > 0 f Or j # i1 , i2 ,..., i, . 
Proof. It is easily proved that a Krull domain which at the same time is 
a Prtifer domain is a Dedekind domain. Hence, if A is a Krull domain such 
that Q/A is injective, then A is a Dedekind domain (Corollary 4.6). 
Conversely, Q/A is injective if A is a Dedekind domain. Hence a Krull 
domain A is a Dedekind domain iff the canonical map Q/A f uhtpcl Q/Ap 
is an isomorphism. But f is an isomorphism exactly when the approximation 
condition is fulfilled, and the proof is therefore complete. 
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